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Tém tit: Trong bai bdo nay, ching t6i dé cdp dén viéc can thiét phai boi dwdng ning liee tw duy phén tich cho

hoc sinh khéi trung hoc khi tiép nhdn kién thire vé mén Todn thong qua day hoc chuyén dé bat dang thire AM-GM.

Mét s6 vi du minh hoa cho viéc dinh hieong, hinh thanh va phdt trién ciing nhw boi dudng ndang lc tw duy phan

tich cho hoc sinh ciing da dwoc tac gia dé cdp. Qua méi vi du, tac gia di phan tich va lam ré nhitng thanh t6 co

ban gop phan hinh thanh va phat trién nang e t duy phdn tich ciia hoc sinh.

Tir khéa: Tu duy phdn tich, bdt dang thirc AM-GM, Cési.

1. Mé dau

Trong qua trinh hoc tap ctua hoc sinh, tu duy
phan tich c6 y nghia quan trong, né dong vai tro
nén tang, giup hoc sinh hiéu dugc ndi dung va
nam dugc van d& trong tim mot cach rd rang va
sdu sic, gitip cho viéc phan tich, tim 101 giai khi
giai quyét van dé. C6 thé noi tu duy phan tich
1a tu duy vé ddi twong, cac thanh phan tham gia
vao doi tuong, cac mbi lién két, quan h¢ hiru co
gilra cac dbi tuong, tir do xac dinh cac dac diém,
tinh chét, dic trung, vai tro cia ddi tuong trong
méi quan hé véi cac dbi twong khac (goi chung
1a cac yéu t6). Vi viéc xac dinh cac yéu té cau
thanh ctia mot déi tuong, tu duy phan tich mang
tinh suy luan theo chiéu sau.

Nhu vay khi tim hiéu vé mot dbi tugng, tur
duy phan tich doi hoi phai phan chia dbi tuong
thanh cac bo phan cAu thanh cua no (theo mdt
huéng nao d6), cac thanh phan cia ddi tuong
phai dugc xem xét, danh gia mot cach ky ludng,
ti mi, sau sdc va toan dién. Déng thot, viéc tim
toi, phat hién mdi quan hé giira cdc thanh phan,
phat hién ra sy lién quan gitra cac doi tuong
dang duoc xem xét ciing 1a mot yéu té quan
trong gép phﬁn cho sy hinh thanh va phat trién
tu duy phan tich ctia nguoi hoc.

Trong hoc toan, tu duy phan tich c¢6 thé duoc
thé hién qua sy quan sat, nhan dang ddi tuong,
qua sy phan chia cac trudng hop cé thé xay ra
(néu c0) ddi voi mot van dé; su tim mdi lién hé
giita gia thiét va két luan cua Pinh li, hiéu rd
vé mdi yéu tb va quan hé giita cac yéu td trong

gia thiét; sy hiéu 16 rang cac budc trong chimg
minh, tim mdi quan hé gitta cac khai niém, giira
cac ménh dé hay céc bai tip; su suy nghi sau sic
sau khi hoc hay giai quyét mot bai toan, thé hién
& viéc khai quat hoa hay dua ra két luan riéng
ctia mdi hoc sinh.

Trong chuong trinh Toan danh cho khéi
trung hoc, bat dang thuc 1a mot chuyén dé
khong con xa la d6i v6i cac em hoc sinh, dic
biét l1a cac hoc sinh kha va gidi, hoc sinh 16p
chuyén, 16p chon va céc hoc sinh nam trong doi
tuyén du thi hoc sinh gioi qudc gia, khu vuc va
qudc té. Thong qua viéc day hoc bat dang thirc
cho hoc sinh khdi trung hoc ciing gop phén vao
viéc hinh thanh va phat trién niang lyc tu duy
phan tich cho hoc sinh. Tuy nhién, vi¢c tiép can
chuyén dé bat dang thirc ciia phan dong hoc
sinh dang con gip nhitng kho khin va han ché
nhét dinh. Nguyén nhan chinh din dén diéu nay
chu yéu 1a do kha niang xtr 1y, suy luan ciing
nhu ning lyc phan tich bai toan cua s6 dong
hoc sinh con yéu kém, dong thoi trong thyc tién
day hoc chuyén dé bat ding thirc, nhiéu gido
vién dang con xem nhe sy can thiét phai dinh
hudng, tim toi 101 giai cling nhu rén luyén va
phat trién phat trién ning luc tu duy phén tich
cho hoc sinh qua tirng bai toan.

Tir thyc té d6, viéc phat hién va bdi dudng
nang luc tu duy phan tich cho hoc sinh khi day
hoc bat dang thirc noi chung va bét dang thirc
AM-GM nobi riéng can phai dugc thuc hién mot
cach kip thoi, nghiém tic va c6 hé thong. Didu
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nay cling hoan toan nam trong muyc tiéu d6i méi
gido duc 1a theo hudng phat trién ning luc tu
duy cho nguoi hoc ma trong d6 nang luc tu duy
phan tich 13 mot thanh t6 co ban va quan trong
gop phan su phat trién toan dién cho cac em khi
con ngdi trén ghé nha truong.

2. Cac dang biéu dién ciia bat dang thirc
AM-GM

2.1. Dang tong quit

Gia st a,,a,,....,a, 1a n so thyc khong am,
khi do ta co:

Dang 1 Dang 2
a, +az:l‘~-+an > n/alaZ"'an a,+a,+..+a,>nilaa,..a,
e Z , ) P s .a,=a,=..=a,20
Dau dang thirc xay ra khi va chi khi ™!~ ™2 " .
2.2. Cac trwong hop dic biét
Dicu kién Va,b>0 Va,b,c 20 Va,b,c,d >0
Dang 1 +b +b+ +b+c+d
a 5 >ab % > 3labc % > abcd
Dang 2 a+b>2\ab a+b+c>3iJabc a+b+c+d>4abc
Dang 3 2 3 4
: +b+ +b+c+d
a+h > ab ATOTCN S abe aroTeTa N > gbed
2 3 4
Dau bang a=b a=b=c a=b=c=d

Chii y: Tén goi AM-GM la tén viét tit cua thuat
ngir Tiéng Anh Arithmetric mean — Geometric
mean néu 1én ban chét cia bat dang thuc:

a,+a,+..+a

n
" >4aa,..a,,Va, =20.
Céc sach Toan hoc di xuét ban & Viét Nam

thudng goi bat dang thirc trén 1a bat dang thirc
Cosi. Tén goi ndy xuat phat tir tén nha Toan hoc
Phap Cosi (Cauchy) 13 nguoi dau tién chimg
minh bat dang thirc nay va ong da chimg minh

n6 bang mot phuong phap quy nap dic biét va
c6 thé goi 1a phuong phap “ Quy nap Cosi”
(Quy nap Tién Lui) [3, tr.19].

3. Mt s6 vi du boi dudng ning luc tu duy
phéan tich cho hgc sinh thong qua hoat dong
day hoc chirng minh bit ding thirc bang cach
sir dung bat ding thirce AM-GM

Vidu 1[4, tr 10]. Cho x, y,z 1a cac s6 thuc
dwong. Chirng minh ring;

D)z o

Buwéc 1. Nhan dang bai toan

- Pay 1a bai toan ching minh bat dang thirc
d6i xtg vai bién s6 1a cac sd thue duong; gitra
cac bién khong c6 rang budc diéu kién; vai tro
ctia cac bién 1a nhu nhau, tir 46 ddu bang cua bt
dang thirc xay ra khi ba bién nhéan gia tri bang
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nhau, diéu nay giup ta nghi ngay dén bat dang
thirc AM-GM cho ba s6 duong;

- Viéc xudt hién biéu thirc ba bién, gido vién
c6 thé goi ¥ dé hoc sinh lién tuong dén truong
hop n =3, (nhu da dé cap & trén).



Buérc 2. Phan tich va bién doi - Céch tiép cén thir nhét:Ta sé& bién d6i vé

Tir nhitng quan sat & trén chung ta c6 thé tiép tréi cha (1) nhur sau.

can bai toan theo mdt trong hai cach nhu sau:

xtyy+zzix _(x+y)(r+z)(z+x)
y oz X xyz

VT(1)=

Pén day, néu ding bat dang thitc AM-GM cho tir
hodc mau ciia biéu thirc & trén, chic chan déu khong
dem lai két qua kha quan. Ta quan sat Bo dé sau:

B6 dé 1. Vi a,b,c 1a cac sb thuc khong am
tuy y, ta luon co:

9(a+b)(b+c)(c+a)28(a+b+c)(ab+bc+ca)

Ap dung B6 dé nay vao biéu thirc trén, ta duoc:

(x+y)(y+z)(z+x) _ 9(x+y)(y+z)(z+x) S 8(x+y+z)(xy+yz+zx).
xXyz Oxyz 9xyz

Pén day ta thay biéu thirc x + y + z da xuét hién bén vé phai cua (1). Néu quan sat tiép, chung ta
thdy rang, vé phai c6 dang tong, nhu vy mot y tuong co thé duoc nghi t6i 1a chung ta s& tach biéu

thirc sau cing & trén thanh hai phan, cu thé, ta lam nhu sau: 8 (x +y+ z) (xy +yz+ zx) A+ B

Oxyz
2(x+ y+z)

Yz

phai xay ra dong thoi. Diéu nay hoan toan thuc hién duoc, that vy, chung ta dé y mot chut thi
da thuc x+ y+z bac mot, da thirc xy+ yz +zx bac hai va don thiic xyz bac ba, déng thoi ta co
3.3=9. Nhu vay, néu ta dung bét dfmg thirc AM-GM cho hai b6 sb duong (x,y,z) va (xy,yz, zx)
thi xyz s& bi triét tiéu, tir d6 ta chi can tich 8 = 2 + 6 thi ta thu duoc két qua A >2 . Tom lai, ta bién
d6i nhu sau:

trong do ta s€ chon A, B sao cho hai bat déng thacsaud>2 va B>

8(x+y+z)(xy+yz+zx) 2(x+y+z)(xy+yz+zx)+6(x+y+z)(xy+yz+zx)

Oxyz Oxyz 9xyz

x+y+z233xyz

Ta co: , d4u bang xay ra khi va chi khi x = y =z . Do dé:

xy+yz+zx23m
2(x+y+z)(xy+yz+zx) S 2.3.3«3/xyzm )

9xyz 9xyz

3 2
ddng thoi, 6(x+y+2)(xy+yz+2x) 22(x+y+2)-3 (xy2) :2(x+y+z).
Oxyz 3xyz %/xyz

8(x+y+z)(xy+yz+zx)> 2(x+y+z)

Do do6: >2+ "’ Tém lai, ta ludn cé bt dang thirc:
Jxyz

Oxyz

2
[1+£j[1+1](1+5j22+m,véi moi x,y,z>0.

1Ly e

-Cach tiép cin thir hai: Ta s& bién d6i nhu sau
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2
1+£—@+Z)@+ij22+liiiiﬁ
h% z X S xyz

2(x+y+
SXLy oz oy oz x 2xtyta)
Yy z X X y z 3xyz

Ap dung bét dang thirc AM-GM, ta c6:

Dau bang xay ra khi va chi khi: X =y =z . Cong céc bt dang thirc cing chiéu & trén, cho ta:

3(x+y+z)

Jayz

X z z X
LIRS AR S

Yy z X X Yy z

2(x+y+z) X+y+z

>3

3(x+y+z)= N X+y+z
Ta lai co: Vxyz Vxyz vz va xyz . Do do:

2(x+y+
X pz,0,z x5, 2xtyre)
Yy z X X y z xyz

dau bang xay ra khi va chikhi x=y =2z,

Buéc 3. Két luan

3

Du tiép can theo cach mot hay cach hai, ching
ta déu phai sir dung bat dang thie AM-GM mot
cach linh hoat va hop ly.

Nhan xét.

- Viéc bdi dudng ning luc tu duy phén tich
cho hoc sinh thong qua bai toan trén duoc thé
hién qua mét s6 diém sau:

Thir nhit: Gido vién c6 thé dat cau hoi
mang tinh goi y dé hoc sinh ¢6 thé lién tuong
t6i mot két qua quen thudc (nhu Bo dé 1),
diéu nay giup hoc sinh c6 théi quen hinh
thanh va phat trién kha nang nhan dang d6i
tugng maéi thong qua dbi tuong da biét. bay
1a mot trong nhirng thanh t6 co ban va quan
trong, gop phan bodi dudng nang luc tu duy
phan tich cua hoc sinh.

Thw hai: Viéc dinh hudéng cho hoc sinh
tach vé trai thanh hai s6 hang (theo cach tiép
can thir nhat) khong nhitng giup hoc sinh hinh
thanh k¥ ning xu 1y tinh hudng dé giai quyét
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don 1é ma con gitp hoc sinh hinh thanh thoéi
quen quan sat d6i tuong (vé phai cua bét ding
thire ciing c¢6 dang tong). Pay ciing 1a mot
thanh t6 rt quan trong trong ning luc tu duy
phan tich cua hoc sinh.

Thir 3: Viéc dinh hudng cho hoc sinh tiép
can theo cach thu hai gop phan phat trién ky
ning va tu duy bién ddi cling nhu sy sang tao
ctia hoc sinh trong viéc tim kiém cac phuong
phap giai khac nhau cho mot bai toan. Diéu
nay la thyc sy can thiét, boi 18 su sang tao s€ l1a
nén tang cho viéc hinh thanh mét tu duy phéan
tich mém déo va linh hoat. Nguoc lai, khi co
mot tu duy phan tich linh hoat va mém déo su
sang tao trong 101 giadi cua hoc sinh sé da dang
va phong phti hon.

- Thong qua viéc chig minh bat dang thic,
viéc biét quan sat cac doi tugng mot cach cu
thé, chi tiét, s& giup hoc sinh phan tich duoc bai
toan mot cach day du va rd rang, d6 ciing 1a co
so cho sy hinh thanh va phat trién nang luc tu
duy phan tich cta hoc sinh.



Vidu 2[4, tr.14]. Cho x, y, z la cac s6 thuc dwong théa min xy > 12, yz > 8. Chirg minh rang :

P=x+y+z+2(L+L+i]+ 8 121.
Xy yz zx
Budce 1.Nhan dang bai toan.

- Trude hét ta thay, day 1a bai chimg minh bét dang thirc ¢ diéu kién;

- Vai tro cua cac bién la nhu nhau trong bicu thure vé trai cua bat dang thirc, tuy nhién vai tro ctua
cac bién 1a khac nhau trong bié¢u thuc di€u kién cua gia thiét. Pay la mdt kho khan cho hoc sinh khi
xac dinh dau bang xay ra.

Buéc 2. Phan tich va bién doi

- Pé du dang thirc xay ra thi ¢ hai bat ding thire diéu kién phai dong thoi xay ra dau bang, tirc
la: xy =12; yz =8 . Nhu véy, néu déu bang xay ra tai cac diém nguyén dwong, thi y phai 13 udc
chung ciia 12 va 8,suyra y e {1;2;4} .Néu y=1,tacobd (x,y,z) = (12,1,8) .Néu y=2,tacod
b0 (x,»,z)=(6,2,4), conlainéu y=4,tacobd (x,y,z)=(3,4,2).

1033 >£; P(6,2,4) =ﬁ>£; P(3,4,2) :E.
12 8 12 12

Nhu vay, “diém roi” ctia bai toan 1a khi (x, y,z) = (3,4,2) . Van dé con lai 1a ta s& str dung bat
ddng thirc AM-GM nhu thé nao dé cho ddu dang thirc xay ra khi (x,y,z)=(3,4,2). Dau tién, ta

\ . Cn z 1 1 1 2 2 2 1a <A \ A
can tri¢t tiéu so hang 2| — +—+— |=—+—+—, dé lam diéu nay ta d¢ y rang
Xy yz zx) Xy yz zX

Khix=3y=diz=2 thi —=2et. 2 2_1.2

Xy 12 6yz 8 4 xz
chon céch phan tich nhu sau:

-Taco P(12,1,8) =

12_2
6

, nhu vay doi véi x, y,z, ta

1
3

pe X X X, vy By vy oy My _z .z 17z
18 9 6 24 24 24 16 48 8 6 24
Xy 2agfxy2 3 1
18 24 xy 1824 xy 6 2
Nhu vay ta co: l+£+£23al£i:§;
16 8 )z 168yz 4

4 N . o K A A A A X 8 A s>
Dau bang xay ra khi: x =3;y =4;z =2 . Tiép theo, ta can triét tiéu thém s6 hang — , dé y rang,

xyz
. .8 8 1 . y L,
khi x =3;y =4;z=2thi — = ——=—. Nhu vy ta can tach nhu sau:
xyz 342 3

Sx_x I3v 4y _y 13y 17:_z 13

6 9 18748 12 16 24 6 24

Khi @0, ta co:

Xy 8 xyz 8

4
244 =—,

9 12 6 xyz 9126 xyz 3
y:

dau bang xay ra khi va chi khi: x=3;y=4;z=2.

85



.. 13x 13y 13z

Sau khi tri¢u tiéu duoc hai s6 hang no6i trén, thi viéc xtr Iy phan con lai doi voi —;—=—;—

tro thanh don gian. That vay, ta co:

13y _13y+13y
16 24 48
13x+13y 59 /13x 13y =£
18 24 18 24 3
13y N 13z 59 /13y 13z :E
48 24 48 24 6

18716 " 24

Dau bang xay ra khi va chi khi: x=3;y=4;z=2.

Budre 3. Két luan

Tur cac danh gia 6 Bwde 2 ta thu dugc:
P21+§+1+£+£+£:£.
2 4 3 3 6 12

Dau bang xay ra khi va chi khi: x =3;y =4;z =2 . Bai toan duogc giai quyét hoan toan.

Nhan xét.

- Viéc bdi dudng ning luc tu duy phan tich
cho hoc sinh thong qua bai toan trén duoc thé
hién qua mét s6 diém sau day:

Thié nhit: Viéc huéng dan cho hoc sinh
nhimng thao tac va ky ning du doan diu bang
s& 1a mot bude dau tién va quan trong giup hoc
sinh hinh thanh thoi quenbiét chon loc, khoanh
ving ddi twong nghién ctru, tir d6 viée xu 1y bai
toan s€ co trong tam va tap trung hon.

Thir hai: Viéc phan tich gia thiét cia bai
toan ngay tir ddu giup hoc sinh hinh thanh k¥
nang xu ly va phan doan mot cach hi¢u qua,
tranh duoc viéc phai thir di thur lai nhidu lan,
rit ngin duoc thoi gian dé tim ra phuong phap

J4
.....

- Nhu vay thong qua bai toan trén, ky nang
biét chon loc ddi tuong, xur 1y tinh hubng va
phan doan két qua ctia hoc sinh duoc hinh thanh
va phat trién. Pay ciing 1 nhiing thanh t6 quan
trong, cau thanh nén ning lyc tu duy phan tich
cua hoc sinh.

Tom lai, trong day hoc chig minh bét déng
thirc bang phuong phiap AM-GM thi viéc hudng
dan va dinh hudéng cho hoc sinh cach dy doan dau
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dang thirc (hay lya chon diém roi) 1a rit can thiét,
no6 12 mot k§ nang co ban ma hoc sinh cdn ndm
dugc va phai dugc van dung mdt cach linh hoat,
sang tao khi hoc vé bat déng thure. Tir do, nang luc
tu duy phan tich cta hoc sinh ciing dan dugc hinh
thanh va phat trién mét cach tich cuc va tu nhién.
Két luan chung: Thong qua day hoc chuyén
dé bt dang thirc bang cach sir dung bat dang
thtc AM-GM, nang luc tu duy phan tich cua
hoc sinh dugc phat trién mot cach tich cuc, gop
phan hoan thién ning lyc tu duy ciia hoc sinh.
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FOSTERING ANALYTICAL THINKING COMPETENCE FOR HIGH
SCHOOL STUDENTS THROUGH TEACHING AM-GM INEQUALITY
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Abstract: In this paper, we discuss the necessity to foster analytical thinking competence
for high school students when acquiring knowledge of Mathematics through teaching AM-GM
inequality. A number of examples illustrating the orientation, formation and development as well
as fostering analytical thinking competence for students are presented. In each example, the basic
components contributing to the formation and development of analytical thinking competence for
students are analyzed and clarified.
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