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HQI TU THEO DUNG LUQNG C, , TRONG LOP F(Q)

Nguyén Viin Phu
Truong Pai hoc Dién luc

Tém tdt: Trong bai b4o nay, ching toi chitng minkh d@inh 1y héi tu theo dung lirong C, , tronglép F(Q)
. Cu thé, chiing tdi chizng minh rang néu day ham u, trong lop F(Q) hgi tu theo dung lwong C . d@én ham u
thod man u,u 2veF(Q) thitaco / (dd”ui)" hoi tu yéu d@én j (dd‘u)" theo nghia yéu cua dé do véi moi
ham @ € PSH — L7 ().

Tir khoa: Ham da diéu hoa dudi, toan tir Monge- Ampere phiic, mién siéu loi, l6p ham F (), héi tu theo
dung luong.
1. Gidi thiéu

Ham da diéu hoa dudi la 16p ham quan trong trong ly thuyét da thé vi. Hai bai toan co ban
cua ly thuyét da thé vi la bai toan vé sy ton tai cua toan tr Monge — Ampere va giai phuong trinh
Monge — Ampere. E. Bedford va B. Taylor trong [1], [2]) da chi ra su ton tai cua toan tr Monge-
Ampere trén 16p cac ham da di€u hoa dudi bi chan dia phuong. Tiép do, U. Cegrell mo rong dén
cac lop ham khéng bi chan dia phuong ma trén d6 toan tr Monge-Ampere van xac dinh (xem
[31.[4]). Trong qua trinh giai phuong trinh Monge-Ampere c6 mét bai toan dugc cac nha toan hoc
quan tdm d6 1a méi lién hé giita sy hoi tu theo dung lugng va sy hoi tu theo do do. Bai toén vé su
hoi ty theo dung lwong trén 16p cac ham da diéu hoa duéi bi chin dia phuong dwoc nghién ctu
boi Y. Xing. Trong Pinh ly 2.1 caa [10] Y. Xing chimg minh dwgc rang trén cac 16p ham da
diéu hoa dudi bj chan déu dia phwong néu day ham u, hoi tu theo dung lugng C, | dén ham u

thi ta ¢ j (ddu,)" hoi tu yéu dén j (dd‘u)" theo nghia yéu cua do do véi moi ham

J 1 PSHC L*(W). Viéc mé rong két qua cua Y. Xing téi 16p cac ham da diéu hoa dudi khong
bi chan dwoc nhiéu nha toan hoc nghién ctu nhu U. Cegrell, P. H. Hiep,...(xem [6], [7], [8],
[9]....). Trong [6] U. Cegrell da chirng minh duoc rang néu day ham u, trong lop F(€2) hdity
theo dung luong C, dén ham u thoa man u;uzveF(Q) thitaco (ddu)" hoi tu theo nghia
yéu ciia do do dén (dd‘u)". Tiép theo, trong [7], U. Cegrell dd mé rong két qua trong [6] dén
truong hop hoi ty theo dung lwgng C . Trong [8], [9], P. H. Hiep da chimg minh duoc rang

néu day ham u, trong I6p F(Q) hoi tu theo dung luong C, dén ham u thoa man

u,uzveF(Q) thitaco j (dd‘u;)” hoitu yéu dén / (dd‘u)" theo nghia yéu cua d6 do v6i moi
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ham / 1 PSH C L*(W). Trong bai bao nay, chling tdi m& rong két qua cua P.H. Hiep dén trudng
hop hoi tu theo dung luong C .

Bai bdo dugc bd cuc nhu sau: Trong ‘muc 2, ching toi nhé(; lai vé I(')’p,hém da diéu ‘h(‘)a
dudi dugc dua ra gan day boi U. Cegrell. Tiép sau do6 ching téi nhac lai mot s6 khai niém veé su
hdi tutheo C va C | dung lugng. Trong muc 3, ching tdi trinh bay két qua chinh cua bai béo.
2. Mot sb khai niém , ‘

Trudc tién, ching téi nhac lai khai niém ham da diéu hoa dudi nhur sau.

Pinh nghia 2.1. Cho x la khéng gian top6. Ham u: X — [-«,+) Qgoi la ntra lién tuc trén x
néuvéimdi @l —, tap

X, ={xe X u(x)<a}
la mo trong x. HAM v: X — (—w,+e0] goi & nta lién tuc dudi trén x néu -v nira lién tuc trén
trén x.
Pinh nghia 2.2. Cho o 1a tdp mo trong . HAM u: X — [eo, +o0) goi 1a diéu hoa dudi trén o
néu n6 nira lién tuc trén trén Q va thoa man bt dang thirc dudi trung binh trén o nghia la voi
Mol o e O tontai 6 > 0sao chovaimoi 0<r < tachd

1 2n it
u(m)s—j u(o + re")dt.
21 "0

Ki hiéu tap cac ham diéu hoa dudi trén o 14 sH (Q).
Dinh nghia 2.3. Cho o la tap mo trong ~. Mot ham u:Q — [-w,+) dugC goi 1a ham da
diéu hoa dudi trén o néu né théa man dong thoi hai diédu kién
(i) v nua lién tuc trén trénq;
(2i) Voi moi duong thang phac £NW= &, han ché cia u 1én moi thanh phan lién thong cua
£AW 1amot ham didu hoa dusi. O day £={a+/b:aeWbe»" / e},
Tap tat ca cac ham da diéu hoa dudi trén o ki hiéu la PsH (Q).
Pinh nghia 2.4. Cho tap mé We™. Khi d6 o duogc goi la mién siéu 16i néu o 1a tap ma, bi
chan, lién théng va ton tai mot ham da diéu hoa dudi, am, lién tuc, vét can u trén o, nghia la
W :{z eW:u(z) <c} ccW" ¢<0.
D& kiém tra rang moi hinh ciu trong ™ la mot mien siéu 16i. Ta s& dwa ra mot vi du vé mién
khong siéu 16i la tam giac Hartogs

D::{(Z,W)T C? :‘Z‘<‘W‘<1}.
That vay, gia stir phan ching rang D 1a mot mién siéu 16i. Khi @0, theo dinh nghia ton tai mot
ham da diéu hoa dudi, am, lién tuc, vét can u trén Dva thoa man véi moi (x,4)1 D taco

lim  u(z,w)=0.
(2 0)>(A.h)

Ta dat
u,(w) =u(0,w).
Khi d6 , 1a ham da diéu hoa dudi &m trén mién
D={wl C:0<[u|<1}.
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Vi (0,001 D va

lim = lim =0.
C'w»OuO(W) (o,w)a(o,())u(o’w) 0

Do d6, theo dinh Iy khir ki di ching ta ¢6 thé m& rong u, t6i mot ham da diéu hoa dudi trén mién
D ={WT C:‘w‘ <1}
bang cach dat 1, (0) =0. Theo nguyén Iy cyc dai, ta co u, © 0, didu nay vo ly. Do d6, D 1a mot
mién khong siéu 16i.
Trong bai bao nay, ta lubn gia thiét o 1a mot mién siéu 16i trong —™ néu khéng c6 giai
thich gi thém.

Bay gio ta gia sit o 1a mot mién siéu 16i trong —™ . Ta nhac lai 16p ham duogc dua ra boi
U.Cegrell trong [3] va [4].

£ (@)={epe PSH (Q)n L7 (Q): lim ¢(z) = 0, [ (dd e)" < 0} .
F(Q)= {q) € PSH(Q): Elq)]. € EO(Q),q)J. Lo trén Q sao cho sup, J(dd"q)j,)n < oo}
Tiép theo, ta nhac lai khai niém vé su hoi ty theo dung luong:
Dinh nghia 2.5. V6i moi tap Borel Etrong @, dung luong C va C | cua tép E duge xac dinh
nhu sau:

E

C (E)=C (EWN) :sup{j (ddj )" :j ePSHW),-1</ < O}.

Cn—l(E) = Cn—l(E’V\o = Sup{j(ddcj )” N ddL Z i ’o </ <1}
E

Day ham u/,T PSH™ (W) duoc goi la hoi tu theo dung luong C, dén ham u néu
C,(K G{u, - u[>d}) -0 Khi j>o0vsi " KccW" d>0.

Day ham ujT PSH™ (W) duoc goi la hoi ty theo dung luong C | dén ham u néu
C,,(KClu, - u[>d)—>0 khi j—>o vsi " K ccW" d>0,

Tu dinh nghia trén chiing ta c6 nhan xet sau:

i) Néu u, hoi tu dén ham u theo dung lugng C, thi u hoi tu dén ham u theo nghia do do.

ii) Theo Binh Ii Dini va tinh tya lién tuc cia cic ham da diéu hoa dudi ta ¢6 néu diy ham da
diéu hoa dudi u, don digu tang hodc don diéu giam t6i ham u 1 PSH(W)khi j —> oo thi ta c6 u,
hoi tu dén ham u theo dung lugng C .

i) Néu ddy ham ujT PSH™ (W) dugc goi la hoi tu theo dung lugng C, dén ham u thi no ciing
hoi ty theo dung lwong C _, dén ham u. That vay, véi moi K ccWva moi 0</ <1ta c6

0</ +\Z\2 <M (W) trén K, & d6 M (W) chi phy thude vao duong kinh cua W. Ta c6
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[[daG +20)) = uewy | VAL N
K I G| n
Mit khéc, ta co
(dd7 +dd\z\2))" =(ddj ) +n(daj )" Odalz[ +...3 n(da )" Vdalf
Nhu vay ta co C (K)EAMWC (K).
3. Pinh i hji tu theo dung lweng trong l6p F(Q)

Trong [7], U. Cegrell dd chirng minh duoc ring néu day ham u, trong lop F () hoitu
theo dung luong C | dén ham u voi diéu kién u;, 2u, € F(€2) thi ching ta cé (dd‘u;)" hoi tu

yéu dén (dd‘u)" khi j — oo. Trong phan nay chiing t6i trinh bay mot két qua 1a ma rong cua két
qua trén.
Pinh Iy 3.1. Néu ddy ham u, trong l6p F(Q) hdi tu theo dung long C, | dén ham u thod

man u ,u2veF(€) thitacod j (ddu;)" Noi tu yéu den j (dd“u)" theo nghia yéu cia dé do voi
moi ham j T PSH C L*(W).
Chitng minh. Lay /T C°(W), £ 3 0, chling ta can chiing minh
lim [ £/ (dd‘u,)" =| f7 (dd‘u)".
Gia st / (dd‘u,)" hoi tu yéu dén d6 do s7. Theo Pinh ly 2.1 trong [4] ta iy ddy ham
J T E(MWNC(W, j, /. Tir gia thuyét u hoi tu theo dung lwong C, , dén ham u va theo
Binh Iy 1.1 trong [7] chiing ta c6 (dd“u;)" hoi tu dén (ddu)" khi j — oo theo nghia yéu.
Do d6, chung ta c6
j fdmzlimj £/ (dd°u )’ slimsup{lim j fJ (dd"u.)”\= Iimsup(J. fJ (dd"u)”\= j £/ (ddu)".
o j_mow J o0 L/—)OOW k J J k—m LW k J v
Nhu vay, £/ (dd‘u)".
Mat khéc, tir ching minh ctia Binh ly 1.1 trong [6] ching ta c6
lim [ A(dd“u))" = [ h(dd‘u)'," kT E,(W).
Unaatve ’ w
Do do, [/ (dd‘u)" =lim [/ (dd‘u,)" = [dm.
W J_)wW W

Tur d6 chung ta co m=7 (dd‘u)".
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Hé qua 3.2. Néu ddy ham u; trong lop F(Q) héi tu theo dung luong C, | dén ham u thod
man u,u>veF(Q)thitaco h(j ) (ddu,)" héituden h(j ) (ddu)" theo nghia yéu cia dg do

véimoiham j 1 PSHC L*(W), 1 C(7).
Trudc khi chimg minh Hé qua 3.2, ching ta nhc lai mot két qua bo tro trong Bo dé 3.3 du6i
day. Noi dung cua Bo d€ 3.3 chinh la Ménh d€ 2.4 trong [9].
Bo de 3.3.

Dat

dPSH C I* (W) :{/ -y jy1PSHCL (\/\0}.

Khi dé, néuj .y 1 dPSHC L' (\W)thi j y 1 dPSH C L' (W).
Chwng minh Hé qua 3.2.
Lay 1 C7(W),f 20, ching ta can chiing minh

lim JV 1R/ )[(ddcuj)" - (ddcu)"] =0.
bat 4= Sup{j (2):z EM . Xap xi ham lién tuc / bang diy cic da thic P, thod man
IAimsup{‘Pl.(x)- B x T [ 4 A]} -0,
Joo ;
A A z “\ 7T ¥ , . , , 7
TheoBode3.3taco P(/ )| dPSHC L' (W). Do do, theo Dinh ly 3.1 chiing ta co
lim JV P )[(dd"uj)” - (ddcu)"} =0.
Tir d6, chung ta c6 diéu phai ching minh.
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CONVERGENCE IN ¢_ - CAPACITY IN F(Q)

Nguyen Van Phu
Electric Power University

Abstract. In this article, we study the theorem of convergence in Cn_l— capacity for functions in F(€2).

Namely, we prove that if u, is the sequence of functions in J(£2) converges to u in Cn_l— capacity and
u,u2veF(Q) then j (dd‘u,)" converges to / (dd“u)" in the weak sense of measure.

Keywords: Plurisubharmonic functions, the complex Monge-Ampere operator, hyperconvex domain, a class
of functionsin J'(£2), convergence in capacity.
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