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BAT PANG THUC TiCH PHAN CUA CAC HAM LOP F_(Q)
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Truong Paihoc Dién luc

Tom tat. Trong bai b4o nay, ching tdi chizng minh mét bdt dang thirc mé réng cua Cegrell tir
I6p ham 7 (Q) téilsp ham F_ () . Cu thé, ching toi ching minh rang néu cac ham u,..u, €

F (Q) thitaco me(ul,...,um)SDHm(ul)}...[IHm(um)}.

Tir khoa: Ham da diéu hoa dwdi, ham m- diéu hoa duwdi, toén tir Monge- Ampere phic, toan tir

Hessian phac, I6p ham £ (Q), Iép ham F_(Q) .

1. GIOI THIEU

Ham da diéu hoa dudi va toan tir Monge —
Ampere phic (dd®.)" doéng vai tro trung tim
trong Iy thuyét da thé vi. E. Bedford va B.
Taylor trong [1], [2] da chi ra sy ton tai cua
toan tr Monge- Ampere trén lop cac ham da
diéu hoa dudi bi chian dia phuong Tiép do,

1 1
[dd°u, A~ addcu, <[[(ddu)]" - [[ (ddu,)'T".
Q Q Q
Bat dang thirc trén [a mot cong cu danh gia
rat hitu ich trong cac bai toan vé sy hoi tu theo
dung lugng cua todn tr Monge — Ampere phtec.
Va sy hoi tu theo dung luong cua todn tu
Monge — Ampere phiac la mot ki thuat quan
trong duoc st dung trong mot sé bai toan giai
phuong trinh Monge — Ampere phic.
Gan day, trong [4], Z. Blocki da gigi thiéu
I6p cac ham m- diéu hoa dudi & mo rong cua
ham da diéu hoa dudi va toan tor m-Hessian
phac H_()=(dd°)"AS"™ la m& rong cua
toan tr Monge — Ampere phac. Tiép theo trong
[5], LH. Chinh gigi thiéu cac lop ham m- diéu
hoa dudi khdng bi chian dia phuong ma toan tir
m-Hessian phiic  van xac dinh. D6 1a cac 16p

trong [3], U. Cegrell m¢ rong dén céc Iop
ham khong bi chan dia phuong ma trén d6 toan
tr Monge-Ampere van xac dinh. Ciing trong
[3], U. Cegrell da dua ra mot bat dang thac tich
phan cua cac ham thugc lop F () trong He
qua 5.6 nhu sau: Néu U,., U eF (Q) thi
ching ta co:

ham E (€Q) va F_(Q). Tu do datra cac bai
todn vé sy hoi tu theo m- dung lrong cua toan
tr m- Hessian phic va bai toan giai phuong
trinh m- Hessian phirc. Trong céc bai todn ve
su hoi tu theo m- dung lugng cua toan tar m-
Hessian phic can st dung cac danh gia tich
phan tuong tu nhu trong cac bai toan ve su hdi
tu theo dung Irgng cua todn tr Monge —
Ampere phtc. Do d6, trong bai bao nay, chung
t0i mo rong HE qua 5.6 trong [3] tir cac ham
thuoc lop F(Q) téi cac ham thudc Iop
F.(Q). Két qua dat dugc A Ménh d& 3.2 :
Néu cac ham uj,...,u_ eF_(Q) thi ching ta
co:

[ddu, A+ add?u, A ™" <[] (dd°u)" Aﬂ”m]:‘---[j(ddcum)m Aﬂ”*m]%

Bai bao duoc bd cuc nhu sau: Trong muc
2, chling t6i nhac lai vé 16p ham da diéu hoa
dudi duogc dua ra  boi U. Cegrell va cac ham
m- diéu hoa duédi dugc dua ra bai Z. Blocki ,
LH. Chinh. Trong muc 3, chdng t6i trinh bay
két qua chinh cua bai béo.

2. MOT SO KHAI NIEM

Trudc tién, ching t6i nhac lai khai niém
ham da diéu hoa dudi duoc gidi thidu bai U.
Cegrell trong [3] nhu sau. . .

Pinh nghia 2.1. V§i Q la mién siéu 10i

trong [1", ching ta dinh nghi@
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£(Q)= {(p € PSH ()N L"(Q): lim ¢(2) =0, [(dacp) < 00}.

F(Q)= {(p e PSH(Q): El(pj € SO(Q),(pj l ¢ trén Q sao cho sup J(dd“(pj,)n < oo}

Tiép theo, chiing t8i nhic lai khai nigm Tap tit ca cac ham m- diéu hoa dudi trén
ham m- dicu hoa dudi dugc gidi thigu boi Z o kihigula SH, (€) va tap tatca cac ham m-
Blocki trong [4] va LH. Chinh trong [S1. V6T yis 11 quei am trén o ki hieu B SHZ(€) .
moi 1<m<n, ching ta dinh nghia £ C s L A A R
. _ s N NEu u la ham tron dén cap 2 trén Qthi
Fo={nel gy nanf 200" A" 20k g Ménh dé 3.1 trong [4] ching ta c6 u la
Ivéi [0y, la ki higu cua khong gian cac (1,1) ham m dieu hoa dudi khi va chi khi

dang v6i hé sé hang. ‘ @ (dd°u)* A 8" >0 v6i moi k=1., m.
DPinh nghia 2.2. Haim diéu hoa duéi u Pinh nghia 2.3. Néu
trén tap con mé Qell” dugc goi la ham m-  y .. u eSH_(Q)NL:(Q) thi toan tir

dieu hoa dudi neu véi moi 7,,...,7, 4 el @ Hessian phic H,(u,..,u,) duge dinh nghia
O bat dang thirc sau theo nghia dong
dduam A.. A, AL 20.
H,(Uy,...,u))=ddu; A..Addu A "™ =dd®(u,dd°u,_, A...Addu, A ")

nhu sau

Trong [4], Z. Blocki da chirng minh ring dinh va goi la toan tt m- Hessian phuc cua
H,(U,...u,) 1a mot dong dwong dong song  ham u. \ . _
bic (n—m-+p,n—m+ p) V& lién tuc dugi day ~  Dwoiday acic 16p ham m- dieu hoa dudi
giam cAc ham m- didu hoa dudi bi chan dia  <ond nhat thietbi chan dia phuong ma todn tu

FE : m- Hesian phic van xac dinh duoc gidi thiéu

phuollgﬁ'i trong [5].
o . s Pinh nghia 2.4. V6i 0 [a mién m- siéu 16
U =U, =...=Up =USH, Q)N L () thido . oy trong 0", ching ta dinh nghia

do Borel H, (u)=(ddu)™ AB"™ dugc Xac
Ey =En(@) ={ue SH, (@) nL"(@): lim u(2) =o,me(u) <o},

Frn=Fp (@) ={ueSH (Q):3E2 4 u; 0 u,sup [H, (u;) <o}
I a

Tiép theo, ching ta nhac lai Binh ly 3.14 3. Mé rong bat dang thiec ciia Cegrell tir
trong [5] dquqc\ _sfr,dung trong chirng minh dinh lop F(Q) dénlép F, ()
ly Chmh Cua,ba' bao. P N . Trong myc nay, st dung cac ki thuat
binh ly 25. Neu .., u"eF (€) V& ong tw cia U. Cegrell trong [3] két hop Vi
E'(Q) 4 (u‘;)D u* v6i moi k=1,.., m thi ddy  cac két qua trong bai bao [5], chung ta ching
46 do minh két qua chinh cua bai bao la phién ban
dd°Ul A ddUZ A addUT A BT BOT tu T r?ng;uag‘?q“a 56 trong [3] tr I6p 7(€2)
yéu dén do do Radon 4 khong phu thuoc vao  denlop (€Y.

viéc chon cac day (u*) va ching ta ki hiéu Trudc tién, ching ta ching minh mot
' ' y W g ' bo dé twong tuw nhu bo dé 5.4 trong [3] mé rong

p=dd°u’ Add°u® A...addu™ A " tir lsp ham E, (Q) dén 16p ham EN(Q).
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Bé d¢ 3.1. Néu cac ham u,u, eE(Q), T,=dd°g, A..Addg, , ,AB"" thi ching ta
1<p,g<m va T=-hT, véi €O
N0y Ompq €EL 92 :

[ (ddu)? A(dd?u,)* AT <[[(ddCu,)* /\T]"Eq['f(ddmz)p*q AT]ﬁ
Q Q Q

: 1)
Chirng minh. Chting ta s& chirng minh bét dang thic trén bang phuong phap quy nap.
Chung ta s€ chaeng minh bat dang thirc dung voi p=q=1.
That vay, ta ¢
[dd u, Add°u, AT =[-hdd‘u, ndd‘u, AT, = [-udd°u, Add°h AT, = [du, Ad°U, Addh AT,
Q Q

Q Q

<[[du, rdc, /\ddch/\Tl];[J‘duz Adeu, /\ddch/\Tl];
0 Q
=[[-uddeu, Add*h ATl]i[ [ -u,dd‘u, Add°h /\Tl];
o Q

=[[-h(dd°u,)? ATl]i[j _h(ddu,) AT - [] (ddeu,)? /\T];[I () AT]F.

Tiép theo, ching ta gia sir ring bat dang thirc da ding dén p+q <, ching ta can ching minh
rang bat dang thirc s& ding véi p+q<¢+1.
Trudc tién, ching ta chirng minh bat dang thirc sau

+ 1
J.(dd CUZ)P+q Add Cul AT < [J‘ (dd cuz)p+q+l AT]piqil[J. (dd cul)p+q+l /\T]p+q+1 (2)
Q o S

Str dung gia thiét quy nap, xem todn tr T =ddu, AT déng vai trd nhu toan tir T trong bat
dang thic (1), ching ta co
[(dd°u,)™ Add u, AT =] (dd‘u,)P*"* Add°y, Add°u, AT
Q

Q

+q-1 1
g[j(olc;lcuz)'”q Addeu, AT]pqu[j(dol“ul)FHq Addu, AT
Q Q

+q-1 1
=[[(@du,)>" AT]pr’EQ[j (dd‘u,)"* AddCu, AT ]
Q Q
3

Lap lai qua trinh chiing minh cdng thirc (3), di vai trd ciia U, va U, ching ta co
pra-1 1
j(ddcul)‘”q /\dd°u2 AT S[I(ddcul)P+Q+lAT] p+q [j(ddcuz)mq /\dd°ul/\T]"+q_
Q Q °

Thay vao cong thirc (3) ching ta co
j (dd°u,)P® Addu, AT
Q
1
pta-1 pra-l L le+a
<[[(@du)> = aT] o | [ (ddu) o AT] 2o [[ (ddu,)™ Addu, AT]P |
Q Q Q

Tur do, chung ta co
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_pra_ o
[ddeu,) nddu AT <[[(ddu,)>** AT]P [ (ddu,)™** AT]""* va bét ding thirc
Q Q Q
(2) dugc chirng minh.
Sir dung gia thiét quy nap, xem toantir T =dd°u, AT déng vai trd nhu todn tir T trong bat dang
thire (1) va bat dang thuc (2), ching ta co
j (ddu,)P* A (ddu,)? AT = j (dd°u,)? A (dd°u,)® Add®u, AT
Q Q

<[[(@du,)** ndd°y, AT]"E‘*[I(ddcuz)p*q ~ddeu, AT]ﬁ
Q Q
<[[ (ddeu,)> /\T]qu[J‘ (ddu,)*** Add°y, AT]ﬁ
Q Q

<[[ ()" AT]rfq
Q

p+q 1 p+q
y [J‘ (dd Cuz) p+q+1/\-|-] p+q+l[J' (dd Cul) p+q+1/\-|-] p+q+1
Q Q

+1
=[[(ddeu,)> AT [ (ddeu,)> e NG
Q Q

Do d6, Bo dé 3.1 duoc ching minh.
Dudi day la ket qua chinh cua bai béo.
Ménh d@é 3.2. Néu cac ham u,,...,u_eF _(Q) thi ching tacé
1

[ddu, A+ Add?u, A ™" <[] (dd°u,)" Aﬂ”—m]rln---[j(ddCum)m AT

Chirng minh. Tir Pinh nghia cua lop F_(Q) va Binh Iy 2.5, ching ta chi cin ching minh
Ménh dé cho trwong hop cac ham u,,...,u € E° ().

Chiing ta s¢ ching minh Ménh dé 3.2 bang phuong phap quy nap.

Tu Bo dé 3.1 ching ta co

m-1

1
[ddeu, A(ddeu,)™ A g7 <[] (ddu)" A BTN (dd°u,)" A BT
Q Q Q
Do d6, Ménh dé 3.2 dtng khi U, =U, =...=U, =U.
Gia sir rang Ménh dé 3.2 déng khi U, =U, , =...=U_=U. Khi d6, ching ta c6

m-k

j dd®u, A---Add®u, A (ddu)™* A g0 s[j Hm(ul)]ﬁ---[j Hm(uk)ﬁ[j H,. (] ™ Chang ta cin

chirng minh Ménh dé 3.2 ciing dung khi U, , =U, , =...=U_ =U. Tuc la ching ta cin chirng minh
bat dang thirc sau
| 1 1 ok
[ddou, a-addu, Addu, A(ddu)" A BT <[ H ][ Ho U )IT Ho @] ™ That

Q Q Q Q
vy, &p dung Bb dé 3.1 vai toan tir T =ddu, A...dd°u, A S"™ va gia thiét quy nap, ching ta c6

[ddu, A+ Addu, Add Uy, A(ddU)™ A BT
Q
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= [dd ‘U, 4 A (ddu)™ Add U, A+ Add U A ST
Q

1
<[ (ddU,.))"* Add Y, A--Add U A B [T x| (Ad°U)™ Add U A add U A BT T

sUHmwoﬁ5L~UHmwoﬁ5ijdwﬂnm

1 m-k-1

x[J.Hm(ul)]H m— ...[J.Hm(uk)]ﬁ —k_l[J'Hm(u)]mm_k

=UHNUﬁMUHAwJﬁUHAM]m.

Ménh dé duoc ching minh.

TAI LIEU THAM KHAO

E. Bedford and B. A.Taylor, A new
capacity for plurisubharmonic functions,
Acta Math, 149 (1982), no. 1-2, 1-40.

U. Cegrell, Pluricomplex energy, Acta
Math, 180 (1998), 187-217.

U. Cegrell, The general definition of the
complex Monge-Ampere operator, Ann.

[1]

[2]
[3]

m-k-1
m-k 1
m-k

m-k m-k-1

1 m-k
m

m-k-1

Inst. Fourier (Grenoble), 54 (2004), 159-
179.

[4] Z. Blocki, Weak solutions to the complex
Hessian equation, Ann. Ins.t Fourier
(Grenoble), 55 (2005), 1735-1756.

[5] LH. Chinh, A variational Approach to
complex Hessian equations in (1", J. Math.
Anal. Appl, 431 (2015), no. 1, 228-259.

AN INTEGRAL INEQUALITY FOR CLASS OF FUNCTIONS IN F_(Q)

Nguyen Van Phu
Electric Power University

Abstract. In this article, we prove an extensive inequality of Cegrell from class of functions in

F(Q)to class of functions in F_(€2). More precisely, we prove that if u,,..u, € F_(€2)

IHm(ul,...,um)S{J.Hm(ul)}...hHm(um)}.

then

Key words and phrases: Plurisubharmonic functions, m-subharmonic function, the complex
Monge-Ampere operator, the complex Hessian operator, class of functions in F(Q), class of

functions in F_(Q).
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