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TICH CHAP VOI HAM TRONG y(y) =cosay POI VOI PHEP BIEN POI
TiCH PHAN FOURIER COSINE

Nguyén Minh Khoa*, Tran Vin Thz"lng
Pai hoc Pién Luc

Tém tit: Trong bai bdo nay ching téi da xdy dung va nghién cieu tich chdp véi ham trong doi véi phép bién
doi tich phan Fourier. Cdc tdc gia da phdt biéu va chitng minh ddng thirc nhan tir héa, mét sé tinh chdt va thiét
Idp quan hé véi tich chdp da biét. Sau cing cdc tdc gid dp dung tich chdp dwoc dwa ra dé gidi phwong trinh tich

phan kiéu Toeplitz-Hankel.

Tir khéa: Phuwong trinh tich phan kiéu Toeplitz-Hankel; Tich chdp; Tich chdp véi ham trong; Phép bién doi
tich phan Fourier; Phép bién doi tich phan Fourier cosine.

1.MO PAU

Tich chap ciia phép bién ddi tich phan c6 nhiéu
ung dung ly thi trong céac bai toan tinh toan gia
trj tich phén, tong ctia chudi, giai phuong trinh va
phép toan giai phuong trinh vi tich phan ([1, 3, 5,
6,9, 11, 12, 14]). Khoi dau, nam 1941 Churchill
[11] d dua ra tich chap cta hai ham £ va g ddi
v6i phép bién ddi tich phan Fourier F :

L(f%2)(5)=(L)(»)-(L&)(y). 9> 0. (1)

théa min dang thirc nhan tir hoa:

F(£22)(r)=(F)()-(Fe)(»). ¥y e R.2)
Sau d6, mot sb tich chap cua cac phép bién
d6i tich phan khac nhu Mellin, Laplace, Fourier
cosine, Hilbert dugc nghién ciru [2]. Chang han,
tich chap ctia hai ham 7 va g ddi véi phép bién
d6i tich phan:
(7*¢)() j f(x=1)g(t)dt, 3)

c6 déng thirc nhan tur hoa:

L(/%8)(3)=(L1)(»)Le)(»). 7y >0. (@)

Tich chap véi ham trong dbi véi phép bién
d6i tich phan Mehler Fox duoc nghién ctru boi 1.
Ya. Vlenkin nam 1958 [13]. Sau d6, nam 1967,
V. A. Kakichev [7] dua ra phuong phap xay
dung tich chap véi ham trong tong quat hon.
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Véi y tuong d6 cac tich chap maéi véi ham
trong ctia phép bién d6i tich phan Meijer, Hankel,
Fourier sine, Sommerfeld dugc xay dung. Cu thé
nhu tich chap voi ham trong y(y)=siny cua

ham £, g d6i v6i phép bién ddi tich phan Fourier
sine dugc nghién curu trong [7, 10].

e ﬁrff

+g(|x+l—t|)szgn x+1—t)

[g(x+1+1) ®)

+g(|x—1+ t|)sign(x—1+ t)
+g(|x—1—t|)sign(x—1—t)]dt,
v6i dang thie nhan tir hoa
7
B[ r ke )0)=sins(En0)1E) )

vy > 0. (6)

Tich chap cua hai ham f,g cia phép bién
d6i tich phan Fourier cosine ciing dugc dua ra
boi Churchill ndm 1941

(£ xe)x) J—jf

+g(x+y)]dy

glxy)

v6i ding thirc nhan tir hoa

E(f2e)n)=(ENOMEDD).  ®

Vy >0.

Trong bai bdo nay céac tac gia xay dung
va nghién ctu tich chap mdi véi ham trong
7(y)=cosay dbi v6i phép bién ddi tich phan
Fourier cosine dong thoi giai mét 16p phuong
trinh tich phan kiéu Toeplitz-Hankel. Cho dén
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nay phuong trinh tich phan kiéu Toeplitz-Hankel
van 1a bai toan mé. Tich chip méi duoc xiy
dung & day tong quat hon tich chap cung loai da
biét, do d6 cac ung dung s€ dugc mo rong hon.

2. TICH CHAP VOI HAM TRONG

Dinh nghia 2.1. Tich chap véi ham trong
y(y)=cosay,(a >0) cia hai ham f,g d6i véi
phép bién d6i tich phan Fourier cosine dugc xac
dinh bdi:

(f g] ﬂrff

+g( —t|)+g(|x—a+t|)
+g(|Jx—a—1])1dt,

x+a+t)(9)

Dinh ly 2.2. Cho f,gla cdc ham lién
tuc thuoc L(R,). Tich chdp vdéi ham trong
)/(y) cosay ciia hai ham f,g d6i v&i phép
bién dbi tich phan Fourier cosine thudc L(R))
va thoa man nhan tr hoa:

F( 1 0 =eosar(RN0UFL0)

vy > 0. (10)

Cht’rng minh. Ta coé:
j I * “ g)(x)| dr =

+00 +00

J—Hmm[

g(x+a+t)+g(|x+a—t|)

+g(|x—a +t|)+g(|x—a—t|)]dtdx

{T|g(x+a+t) dx

+[lg(x+a—tdx+ [|g(x—a+r])hx

+J.|g(|x—a—t|)|dx}dt (11)
Mait khac
[lgx+a+lic+ [|g(x—a—t|)dr=
[ 1gGu)du+ j | g(u) du
= j|g(u>uu+j|g(u)|du+j|g(u)uu
(12)

=2j|g(u)uu

Tuong tu, khong mat tinh tong quat ta gia
thiet 1>« ,
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Tir (11), (12) va (13) ta nhan duoc
j|<f;fjg) |dx<([|f(z)|dtj|g(z>k1t<+oo

Vaytacod (f * g)( )€ L(R,). Sau ddy, ta ching
minh dang thtrc nhan tir hoa (10). Tu

+00 400

cosax(F, f)(x)(F.g)(x)== | [ cosax
T 00

cos xu cos xvf (u) g(v)dudv

va
1
COS X COS XU COS XV = Z[ cosx(u+a +v)

+cosx(u+ o — V) + cosx(u—a + V)

+cosx(u—a —v)],

ta thu duoc

400 +00

cosax(F.f)(x)(F.g)(x) = Zi [ [ [cosx(u+a+v)
T 0 0

cosx(u+a —v)+cosx(u—a + V)

+cosx(u—a —v)] f(u) g(v)dudy. (14)

Vi phép doibién u=y va u+a+v=t tacod

+

cosx(u+a + v)f(u)g(v)dudv

+
+

0

! [ cosxtf(y)e(t—y-a)dtdy

-
2]
:27z-([
L

L

%0
0
0

a

¥y
[ cosxtf (v)a( t-y-a ddy
0

+o0 y+a

1
o] [ eosufetyra-nddy.  (15)
0 0
Tuong tu, Vo1 phép dél blén u=y, u+a—v=—t
ta duoc

+00 +00

— [ [ cosx(ut &~ v)f (w)g(v)dudy

N
N

cosxtf(y)g(t+ y+ a)dtdy

T4

I
R

+
8

cosxt f(y) g(t+ y+ a)dtdy

+
Nl- 8- 8-

ce— ct—f oc—}
o S —y

I
<
|
N

cosxtf(y)g(y+1 +a)dtdy. (16)

Hon ntra ta co



+0 0

I I cosxtf(y)g(y+t + a)dtdy

-y-a

.

+o0 y+a

= I I cosxtf(y)g(y+a —t)dtdy a7

0 0

0
j cosxtf(y)g(y+ a —t)dtdy

y

Tu (15), (16) va (17) ta nhan duogc:

EJ‘ I[cosx(u+a+v)

+cosx(u+a—v)| f(u)g(v)dudy

:i! _(.)‘cosxt[g(\t—y—aD

+g(t+y+ a)]f(y)dtdy. (18)

Tuong tu,

~+00 +00

1 j j cosx(u—a + v)f () g(v)dudv
27y

+00 +00

:L j [ cosxtf(y)g(t—y+a)didy

0 y-—a
:i [ | cosxtf(y)a(t—y+a)drdy
ﬂ. 0y-a
+L I I cosxtf(y) g(t— y+ a)dtdy
27 *, Ve

400 +00

- f I cosxtf (y)g(| t—y+ a |)dtdy
2

+LJ. I cosxtf(y) g(t— y+ a)dtdy
2z

0y-a

+o00 y—a

L j j cosxtf(»)g(y—a —t)dtdy. 19)
2r

a 0

Véi phép d6i bién u=yu—a-v=—t, ta

thu duoc:

+00 +00

L .[ .[ cos x(u—a —v) f(u) g(v)dudv
2y

a-y

[ cosxtf(y)a(t+y—a)dtdy
D a—y

j cosxtf(y)g(t+y—a)dtdy

a-y
+

= if f cos xt [ (y) g(t+ y— a)dtdy
4
+2_£
T2z

lﬂ j cosxtf (y)g(| t+ y—a |)drdy

o

— j j cos xtf(y) g(t+ y— a)dtdy. (20)

]
]
<

Mat khac,

j j cosxtf(y)g(t—y+ a)dtdy

T _|:} cosxtf (y)g(a — y — t)dtdy, Q1)
va

f j cosxtf(y) g(t+ y— a)drdy

:T T cosxtf (y) g(y— a — t)didy. 22)

Tu (19), (20), (21) va (22), ta nhan dugc:

—J‘J. cosx(u—a+v)

+cosx(u—a— v)]f(u)g(v)dudv

:%?‘; .([cosxt[g(\t—y+a|)
+g(|t+y—al)]f(y)dudy (23)
Tir (14), (18) va (23), ta cb
cosax(F)Feg)) = - [ cosxt{ [ 70
s 0 0

[gt+a+ ) +g(t+a—y))
+g(t—a+y))+g(t—a—y||dy}dr. (24)
Tur (9) va (24) ta co:

5 Jo=cosx(Fop)(x)(Feg) ).

binh ly duoc chirng minh.

binh 1y 2.3. Trong khong gian cac ham
lién tuc thuoc L(R.), tich chdp v6i ham trong
7(y)=cosay dbi v6i phép bién dbi tich phan
Fourier cosine 14 giao hoan, két hop va phéan phéi.

Chirng minh. Trudc hét ta chimg minh tinh
chat két hop, nghia la:

(f gj*h f* ( JThucvay,

F, Kf f‘ g] f‘ h}(y)
=cosayF, (ff‘ g)(y)(Fch)(y)

:cosaycosay( Cf)(y)( cg)(Y)(F h)(Y)

=cosay(F.f)(y)F (g;’zhj(}’)
=F, [ff‘ (g;yz hﬂ(y)-
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e e y e
Suy ra (f;’;g):hzfz g;’;h}.

Tinh giao hoan, tinh phan phdi dugc chimg
minh tuong tuy.

Pinh nghia 2.4. Chuan ciia ham f trong
khong gian L(R,) duoc xac dinh boi:

Dinh ly 2.5. Néu f,g la cic ham lién tyc
trong L(R,) thi ta c6 bat dang thirc sau:

(figjswfwngw

Chirng minh. Tu chung minh Dinh Iy 2.2
ta cod

fog) MMJ_ﬂﬂmmﬂmnm.

Suy ra

J_juf*g) )ldx
< \/;g | f(x) ux\/%? g(x) ldx.

(fig]éwangw

Dinh 1y 2.6. Néu f,g 1a cac ham lién tuc
trong L(R,) thi ta c6 dang thirc lién hé sau:

(rie)m=3|urome

Vay ta co

+(f 9)x-1 I)}Vx >0,

¢ day (f * &) dugce xac dinh trong (2).

3. AP DUNG GIAI PHUONG TRINH
TICH PHAN
Trong phan nay chung ta ap dung tich chap
dugc dua ra dé giai phuong trinh tich phan kiéu
Toeplitz-Hankel sau:

S+

2\//12_ﬂff(t)[g(x+a+t)

+g(lx+a—-t))+g(|x—a+t))
+g(|x—a—t|)]dt=h(x), (25)

0 day AeR va g, h la cac ham lién tuc
trong L(R,), f 1a an ham.

Pinh Iy 3.1. Véi diéu kién
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1+ Acosay(F.g)(y)#0, VyeR,, phuong
trinh tich phdn (25) ton tai duy nhdt nghiém
thuoc L(R,) x4c dinh boi:

f=h- l(hf‘ (pj.
O ddy, ¢(x)e L(R,) va dugce xac dinh béi:

 (Fa)y)
e = s ar(Fod)

Chirng minh. Phuong trinh (25) ¢6 thé viét
lai ¢ dang:

f+z(f§gj=
Theo Pinh 1y 2.2, ta c6
(Fe )W)+ Acosay(F.f) (V) Feg)(y)
=(Fh) ().
T diéu kién 1Tcosay( (%)io ta

" - B cosay(f.g)(y
n WW(‘W)—(FCIQ)(J}) 1+ Acosay(F, cg)(J’)}

Theo Dinh ly Wiener-Levi,
o(x)e L(R ) sao cho:
(Fep)(y) =

Diéu do6 dan téi
(FL )W) = (Fh) (DI -
Do do

S (x) = h(x)- AF [cosa y(Fh)(y)(Fp)(¥)]-
Nhu vay ta co
f=h- /’L(h * )
Theo Pinh Iy 2.2, f e L(R,). Dinh ly dugc
chuing minh.
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ON THE CONVOLUTION WITH A WEIGHT FUNCTION y(y) = cosay
FOR FOURIER COSINE TRANSFORM

Abstract: The convolution with the weight function y(y)= a cos y for Fourier cosine integral
transform is formulated and studied. The factorization equality, some properties and the relationship
between the convolution with known convolution are established. In this paper, we also apply the
new convolution to slove a class of integral equation of Toeplitz-Hankel type.

Keywords: Integral equation of Toeplitz-Hankel type; Convolution; Convolution with weight
function; Fourier integral transform; Fourier cosine integral transform.
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