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Tém tit: Bai bdo dua ra viéc nghién curu dang diéu tiém can cua cac nghiém cua phwrong trinh khuéch tan bac
phn s6 c6 dang Diu(t) = Au(t) + f(¢) véi t €[0;+00) trong @6 Diu(t) la dao ham ciia ham u theo nghia
Caputo, la toan tr Laplace trén khong gian X=L, (Q) va f la ham bi chin da thire. Két qua chinh khdng dinh
rcfng néu u la nghiém nhe cua bai toan Cauchy néu théa man cac diéu kién lién tuc déu bi chan trong BUC(R ,X)

véi chudn c6 trong da thirc thi hi tu vé khong trong khéng gian nay, va théa man mét sé diéu kién ergodic. Két

qua thu dirge mé rong mot sé két qua da biét vé tinh on dinh ciia cdc nghiém doi véi phiong trinh khuéch tan béc

phan so.

Toan tir A 14 toan tir cu thé Gmg dung trong
[7] dé nghién ctru cac Phuong trinh khuéch tan,
¢6 nhidu ung dung trong Ly thuyét phuong
trinh dao ham riéng. Chung t6i chi ra truong
hop cu thé nay nhu mot birc tranh minh hoa vé
phé va giai thire vé toan tir Laplace trong truong
hop nay la roi rac dém duoc vi vay diéu kién
vé phd cta né giao véi truc ao 1a dém dugc.
Chung t6i str dung ky hicu R,R",C,X tuong
g 12 tap s thuc, tap sé thuc khong am, tap sb
phuc va khong gian Banach thuc (hodc phtrc).
Trong trudng hop khong lam thay doi két qua,
ta su dung ky hi¢u J la tap hop thay cho R
hoic R".

Véi méi neN, ki hiu BC (R, X) la
khong gian cac ham f lién tuc trén R” ¢6 gid
tri trong khong gian Banach X thdéa man

/ol _
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BC,(R*,X) cung véi chuan xac dinh (1)
1a khong gian dinh chuan.

Ta noi rang, ham f:R" = X 1a n— ham

lién tuc déu néu no lién tuc va

limsup Il f@e+h)—f@)l, _o.
0 g (1+1)"
n— hamf lién tuc trén R ¢o gia tri trong
X dugc ky hi¢u boi BUC, (R, X). Khong
gian nay cung véi chuin xac dinh boi (2) la
khong gian Banach (xem [7, B6 dé 2.3]).
Vidu 1.1. Cho f e BC,(R*,X). Néu dao
ham f'e BC,(R",X) thi feBUC,(R",X).

Ky hi¢u

(2)

C,. (R*,X) = {feBUC”(R*,X):hm QL :o}.

1 > (1+t)n

Ta ching minh dugc ring C,,(R",X) la
mot khong gian con dong BUC, (R",X) va
bat bién theo nira nhom dich chuyén {S(¢)} .,.

Pinh nghia 1.1 Him Gamma [ 1a ham
duoc xac dinh boi hé thic

_ ® _x -1
l“(p)—j0 e "x" dx.
O @6 p 1a mot sb thyc bét ky.

Tur Dinh nghia 1.1 tacé

r()=rQ2)=1T(z+1)=z[(z),[(n)=(n-1),neN,

F(%)=\/;,F(n+%)=g(2n—l)!,n eN.

1.1 Pao ham theo nghia Caputo

Dinh nghia.1.2 Cho trudc mdt sb thuc
duong a va [a,b] < R. Dao ham bac

phan s6 Riemann-Liouville cip « ciia him
f:la,b] > R duoc cho boi



o Dtaf(t) :: a7’ T(n—

trong d6 n:=[a] 14 s6 nguyén nho nhat 16n

— 1a dao ham thong

hon hoic bang a va
dt

thudng cap .

(7, “f()]——

= rsas),

a) dt"

F(l— a)
t>0 va a>0,

ham /(£) " Df £ (1) =

Vé1 moi ta xét ham

a-1

Vi du.1.2 Cho ham . Gia st a >0 1a s6 di cho, ham

- I, >0,
o, r<o.

Str dung Pinh nghia (1.2), ta xac dinh dugc

g,(1)= T

Jlu(t) = (g, *u)t) = jga (t—-7u(r)dr,t>a

duogc goi 1a toan tir dao ham phan s6 Riemann-

dao ham phan s6 Riemann-Liouville cap o cua LS R .
Liouville bac . Ham

u™ (1)

1 t
I ——dr, n—l<a<neNl,
Fn—a):; t—-7)“"

" U () =
u (1),

Diu(t) =
a=neN,

dugc goi la dao ham phan sb Caputo bac a. Voi mdi 0<a <1, tacod

Déu(t)=J" “u(t) < J* Diu(t) = Ju(t)—% u(r)dr =u(t)—u(a).

1.2 Bai toan Cauchy

Vidy 13 LAy g=0g=t.n=1, f(t)=1. Cho mot s6 c¢b dinh 0<a <1, ta xét bai
taco 2 i toan Cauchy Dju(t) = Au(t), u(0)=x (4)
JEO f 1 2
Ty T

Khi d6 ta co,u(t) —u(0) = J; Diu(t) = J, Au(t) = J.Ot g, (t=s)Au(s)ds, tucla
u(t)=x+ jo g, (t—s)Au(s)ds. (5)

Trong bai béo nay, ta xét phuong trinh tuyén tinh khong thuan nhat dang
Diu(t)=Au(t)+ f(t),t 20. (6)

0d6 0<a <1 lacddinh feC,, (R*,X) dacho.

Dinh nghia 1.3 Nghiém nhe u ctia phuong trinh (6) trén R* 12 mot ham lién tuc trén R”, thoa
man v&i mdi £ € R*,J%u(t) € D(A) va

u(t) = x+ A(L’ g, (t— T)u(r)dz') + j g, (t—17) f(0)dr. (7)



1.3 Ly thuyét phé cia cac ham da thirc
bi chan

Véi moi
Laplace cua f,

Sf(A)=[ e fyde

tai voi moi RA >0 (RA 1a phin thuc cua
A € C) vi vay dinh nghia pho Sp, (f) nhu tap
hop clia tat ca cac s6 thuc &, , sao cho bién doi
Laplace ctia n6 khong c6 thac trién giai tich cho
bat ky ving lan can nao cia i&,. Van dé dit ra
phé nay co thé kiém soat dang diéu tiém can cua
ham f trén nta trucR" 13 khong rd rang do
tinh khong bi chan cua cac ham da thic bi chan
f. Trong phan tiép theo chung ta s& thao luan
vé cach tiép can Iy thuyét phd cua £ va lam thé
nao trong mot sd didu kién “ergodic”, nd kiém
soat dang diéu cua cac ham f € BUC,(R",X).
Chung ta s& bit ddu voi nira nhom dich chuyén
(S(t),5,) trong BUC,(R*,X), chiang han
S@) f=f(t+) vé6imdi f e BUC,(R",X).

B6 dé 1.1 ([7]) Vi mdi £ >0, ta cd
IS <A+1)". (8)

feBUC,(R*,X), bién doi

Ki hi¢u D 1a ki hiéu toan tir vi phan i
trong BUC,(R*,X) véi mién xac dfffh
D(D)={f e BUC,(R*,X):3f" € BUC,(R,X)}.
Cac khang dinh sau day la dung.

1. Ntra nhom dich chuyén {S(¢)},, trong
BUC,(R",X) lién tuc manh;

2. Ham sinh v6 han G cua {S(#)},., 1a toan
tir dao ham D trong BUC,(R",X).

1.4 Toan tix D

Trong khong gian BUC, (R", X)) ta xét quan
hé R nhu sau

f R g néu va chi néu
f-geC,,R".X), 9
la mot quan hé twong duong. Khong gian
thuong BUC,(R",X)/ R lakhong gian Banach.
Déi voi méi dai dién f e BUC,(R*,X), ta ky
hiéu f 1a phan ti thuoc BUC,(R*,X)/R.
Toan tt D trong BUC,(R*,X)/Rc6 mién
xac dinh va duoc xac dinh nhu sau:

D(D)={f e BUC,(R*,X)/R:3ue f,ueD(D), Df = Du}

Bb d& 1.3 D 1a mot toan tir tuyén tinh don tri.

Véi moéi feBUC,(R,X), ta xét
ham phic f(1) theoAeC xic dinh boi
f(A)=(A-D)'f.

e T(n+1,R1)

B dé 1.4 ([7]) f(A) ton tai nhu mot ham
giai tich cia 4e€C\iR. Ngoai ra, véi moi
AeC\iR thi

|2-Dy" 7

<
n

Pinh nghia 1.4 Véi neN c¢b dinh va
f eBUC,(R",X), tap hop tit ca cic diém
&, € R sao cho f (1) khong c6 thac trién giai
tich cho bat ky 1an cin nao cta i&, dugc goi la
phd caa f, ki hi¢u bsi o, (f).

M

I £(2) < e

(RAY™

7, oo

B6 dé 1.5 ([7]) Cho N 1a sb ty nhién va
f(2) 1a ham phtc lay gia trj trong X va chinh
hinh trong C\iR sao cho véi mdi sé duong
M doc lap voi z théa man

VRz£0,|Rz|<1. (12)

Gia sir thém rang i& €iR 1a mot diém c6 1ap cua f(z) ma tai d6 khai trién Laurent c6 dang



o0

f)=3 a,G-iE), a,==—

n=—00

Khi d6

2 n+2
W7 a_... +a_ . K2Mr"", neZz. (14)

Pinh Iy 1.1 ([7]))Cho g e BUC,(R*,X).
Khi d6

1. Néu &, 1a mot diém co 1ap thuoc o, (g)
thi i& hogc 1a diém cuc hodc l1a diém ky di
£(A) c6 bac nhoé hon n+1;

2.Néu o,(g)=%, thi geC,,(R*,X);

3. 0,(g) latap con dong cua R.

H¢ qua 1.1 ([7]) Cho g € BUC,(R*, X) thi
i&, 1a mot diém co lap cia g(A) ¢do & e R,
thi

limpR(p+i&,D)g=0.  (15)
n

f(2)

1
Iz, (13
27 |z—§£_r (z—i&)™ 13

Khi d6, i&, 1a mot diém co lap cua &.
2. Két qua chinh

Ap dung 1y thuyét phd cia cac n— ham
bi chin (d4 dugc dua ra trong phan trude) dé
nghién ctru dang di€u ti€m can cia cac nghiém
nhe cho céc phuong trinh khuéch tan bac phan
socodang [ Dlu(r) = Au(t)+ £ (1),

u(0) = x,

6 d6 0<a <1 ¢ dinh, f 13 mot phan tir
ciia C,,(R*,X) . Nh¢ lai ring nghiém nhe u
trén R* cua bai toan 12 ham lién tuc trén R”,
thoa man Ju(t) € D(A) va

u(t) = x+A( j g, (t—r)u(r)dr)+_|: g.(t-0)f(t)dr,  (16)

voimoi teR" va

u(t) = x+AJu(t)+J £ (1), Vi e R*. (17)

2.1 Uéc lwgng phd ciia 7 — nghiém bi chin

Ta ky hiéu p(A,@) la tap tit ca & € C sao
cho (1% —A) c6 nghich dao (1% —A)™' 12 ham
giai tich trong mot 1an can cua &, va ky hiéu boi
(A a)=C\ p(A ).

Trudc hét, ta gia thiét ring RA > 0. Khi d6
v6imdi n— hambi chan h, tr B6dé 1.4, ta cd

hA)=(A-D)'h=g,

¢ do

g(f) = jf I h(s)ds = j: et +E)dE.

Do d6 voi mdi h e BUC,(R*,X), [A(A)(t) = £ (S(D)R)(A).
Tiép theo, voi mdi s € R, dat u, (£):=u(t+s), f,(1) = f(t+5) véimoit >0, tacod

u ()y=A2u (t)+J? f.(t)+u(s).

(18)

Bién d6i Laplace hai vé ctia (18) ta dwoc Cu (A)= A “Alu (1) + AL f.(A)+ A 'u(s). Do d6
ATHAT =N u (A) = A7E f(A) +us).

Tiép theo, v6i mdi A thudc 1an can coa diém i&, 6 do & € p(A,a) va & #0,

Cu ()= (A" =A) ' C (A + A7 (A% = A) " u(s).

Nhic lai rang

S (S()u)(A) = Cu, (1), C(S($)/)A) =& f,(A).

Do do6

G(A) =A% —=A)" F() + A7 (A=A .



Nhu da gia thiét,
fe€C,,(R*,X), f(A)=0, dodo, véi RA >0,
A=A (A=A 'u. (19)

Taky hiéu R (4,A)=2"" (1" -=A)".

B6dé2.1([7])Chou € BUC,(R*,X),&, € R
va ham G(A) (theo bién 1) 1a mot thac trién
giai tich cua ham #(1)=(1-D)'u véi

RA >0 trén dia mo B(@I&,,r) (r > 0). Khi do,
G(A)=u(A) v6i RA<O0 trén dia B(S,, 7).

Chirng B(&,,r),ham
A+ (A-D)R(1,D)G(A) 1a mdt ham giai tich.
B(i&,)) véi RA >0,

minh.  Trong

Khi do, trong B(i&,) véi RA>0

(A-D)R(1,D)G(A)=(A—D)R(,D)R(A, D)u
=R(,D)A—D)R(A,D)u
=R(,D)u

Diéu nay suy ra ring ham A — (1 —D)R(1,D)G(A) la mot ham hing R(1,D) u trén toan bo

B(igy, ).

Do dé, néu RA <0, R(1,D)G(A) = R(A,D)R(1, D)u = R(1,D)R(A, D)u. Do do, véi RA <0,

theo chiing minh trén ta c6 G(1) = R(/L,IS)ZL

Hé qua 2.1 ([7]) Cho u € BUC,(R*,X) 1a

mot nghiém nhe ctia Bai toan (6) thi
io,(u) c Z(A,a) NiR. (20)

Chitng minh. Ap dung B dé 2.1 ta thiy
rang tap hop cac diém i& voi £€R sao cho
u(A) voi RA >0 co thac trién gidi tich trong
mién 1an cin cta i&. Do (19) nén hé qua duoc
chirng minh.

Pinh nghia 2.1 Ham ke BUC,(R",X)
dugc cho la n—ergodic déu tai in néu véi moi
0<j<n+l,

M (h) = lim a’R(a +in,D)h

ton tai trong BUC, (R*,X).

Pinh Iy 2.1 Cho u € BUC,(R*,X) la mot
nghiém nhe cua Bai toan (6). Gia sit rang

1. 2(A,a)NiR la dém duoc;

2. u la n— ergodic déu tai méi in cia
tap nay, va M (u)=0 véi moi 0< j<n+l.
Khi d6

lim - _ 1)
t—>+00 (1 + t)”
Chung  minh. Do hé¢ qua 2.1

io,(u) c X(4,)NiR. Vi vay, theo diéu gia
sir thir nhét thi n6 1a dém dugc.Boi diéu gia sir
thir hai, ta khang dinh rang o, () 1a tap rong.
That vay, vi ic, (1) 1a dém dugc va dong, nén

néu n6 khong 1a tap rong thi nd s& c6 mot diém
¢o lap, chang han i&,. Do do, i&, 1a mot diém
c6 lap cta u(A). Boi Pinh 1y 1.1, i&, 1a diém
don cyc. Tuy nhién, do diéu gia sir thir hai va
H¢ qua 1.1, diém cuc don nay bi loai bo. Diéu
nay c6 nghia 1ai&; 1a mot diém chinh quy cta
u(d), vivay & ¢o,(u).

Diéu nay mau thudn véi chimg minh
ring o,(u) 1a rdng. Do d6 Dinh Iy 1.1,
ueC, (R, X). Pinh ly dugc chimg minh.

0,n

Khi f =0, Bai toan (6) tr¢ thanh Bai toan
(4). Nghi¢ém mém cua bai toan (4) xac dinh trén
mot khoang R™ 1a mot ham lién tuc u xac dinh
trén J thoa man (5) véimoi >0

Pinh nghia 2.2 Mot ho cac toan tu
{S,(®)} 50 € £(X) dugc goi 1a toan tr giai
thire cua (4) néu

o {S,(?)},., 1alién tuc manh va S, (0)=1,

e S (1)D(A)c=D(A), va
AS,()x=S,(t)Ax,x e D(A),t 20,

e S (f)x la mot nghiém cua (4) v6i moi
x e D(A).

Néu Bai toan (4) c6 mot toan tir giai thic
S (?), thi (xem [8, Proposition 1.1]) véi méi
nghiém nheu 1a mot dang  u(¢) =S, (t)u(0).

H¢ quad 2.2 Gia sir rang (4) xéc dinh mot
toan tir giai the {S,(¢)},5, va



1. S,(?) thoa man
IS, (o)
sup———<
>0 (1 + l)n
2. 2(A,a) NiR 1a &m duoc ;
3. Tai mdi il e Z(A,a)NiR,x € X va mdi

<ji< lim
0<j<n+l, T r 1)y

li,rr{)l nR,(n’ +il,A)x=0. (23)
n

Khi @5, v6i mdi nghiém nhe
u()=S,()x, € BUC (R",X) cua Bai toan
(4) théa man

o, (22)

lu(r) =0, (24)

Chirng minh. Ta nhan thay rang cac diéu kién ergodic déu trong Pinh 1y 2.1 déu thoa mén. Do
(19)taco
0< li%l InR (n+il,Dyull = hT%l Il a(n+id) |l = li%l InR, (n+is,A)S,()x, Il
n n

<s, () I, m IR, (7+i4, A)x, IF 0.
n

Loi cam on: Bai bdo nay la san pham cia Dé tai KHCN cdp B Gido duc va Pdo tao. Ma sé
B2019-TTB-01.

Tai liéu tham khao [5] A.G.Baskakov, Harmonic and spectral
analysis of power bounded operators
[I] W. Arendt, C. JK. Batty. Almost and bounded semigroups of operators

periodic solutions of first- and second-
order Cauchy problems. J. Differential
Equations, 137 (1997), no. 2, 363-383.

on a Banach space. (Russian) Mat.
Zametki 97(2015), no. 2, 174--190;
translation in Math. Notes 97 (2015),
no. 1-2, 164-178

[2] W. Arendt, C. J.K. Batty. Tauberian
theorems and stability of one-parameter [6] A. Batkai, K.J. Engel, J. Pruss, R.
semigroups. Trans. Amer. Math. Soc. Schnaubelt, Polynomial stability of
306 (1988), 837-852. operator semigroups. Math. Nachr. 279

[3] W.Arendt, C.JK Batty, M. Hieber, F. (2006), no. 13-14, 1425-1440.
Neubrander, Vector-valued Laplace [7] Nguyen Van Minh and Vu Trong
transforms and Cauchy problems. Luong.” Asymptotic Behavior of
Second edition. Monographs in Polynomially Bounded Solutions of
Mathematics, 96. Birkhauser/Springer Linear Fractional Differential Equations”
Basel AG, Basel, 2011. December 2, 2019, preprint.

[4] B. Baeumer, M.M. Meerschaert, and [8] J. Pruss, “Evolutionary integral equations
E. Nane, Brownian subordinators and and applications”. Monographs in
fractional Cauchy problems, Trans. Am. Mathematics, 87. Birkhauser Verlag,
Math. Soc, 361 (2009), pp. 3915-3930 Basel, 1993.

Abtract: In this paper we present a simple spectral theory of polynomially bounded functions
on the half line, and then apply it to study the asymptotic behavior of solutions of fractional
differential equations of the form DZu(t) = Au(t)+ f(t), where D u(t) is the derivative of the
function u in Caputo's sense, A is Laplace operator, fis polynomially bounded. Our main result
claims that if u is a mild solution of the Cauchy problem such that it is bounded uniform continuous
in BUC (R,,X) then u— 0,t >oin BUC (R,,X) and u satisfies some ergodic conditions
with zero means. The obtained result extends known results on strong stability of solutions to
fractional equations.
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