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UNG DUNG CUA HAM LAMBERT W POI VOl MOT DANG PHUONG TRINH, HE
PHUONG TRINH VI PHAN CO TRE

Hoang Viét Anh", Nguyén Thi Hwong Lan,
Truong Pai hoc Tay Bdc

Tom tat: Bai viét nay tong quan vé phuwong phdp tiép can ham Lambert W, dé phdan tich va diéu khién
cac hé diéu khién tuyén tinh, hé sé hang véi don tré. Gidi phdp théng qua ham Lambert W dwoc trinh bay cho
cac hé bac mét, sau dé dwoc mé réng cho cac hé béc cao hon bang cach siz dung ma tragn ham Lambert W.
Viéc sir dung phan mém ma nguon mé dira trén goi ¢éng cu LambertW DDE trong Matlab dwoc gidi thiéu
bang céc vi du.

Tir khoa: Thoi gian tré, phirong trinh vi phan tré, ham Lambert W, phan mém.

1. GIOI THIEU truée. Him Lambert W duoc &p dung dé giai
Hé diéu khién c6 tré nay sinh trong rat phuong trinh dic trung dugc viét lai dudi dang
nhiéu bai toan trong tu nhién va ky thuat, (s—a)e™ =a,. (2)

chang han nhu trong cic qua trinh véi tré van Nhén ca hai vé cia phuong trinh (2) voi he ™

chuyén, cac bai toan dong giao théng, cac hé ta nhan duoc

sinh hoc, vién thong va con rat nhiéu van dé . )
' g h(s—a)e"*® =a,he ™. (3)

khéc. Bai bao tap trung vao mot cach tiép can _ .
Dua trén dinh nghia cua ham Lambert W trong

dic biét va duoc phét trién gan day, dua trén - )
biéu thuc (3) ta co

cach tiép can va str dung ham Lambert W, dé

phan tich va diéu khién céc hé diéu khién tuyén W(a, e ")e" ™) = ahe . (4)
tinh, hé sé hang voi don tré So sanh cac phuong trinh (3) va (4) ta c6

2. UNG DUNG CUA HAM LAMBERT W h(s—a) =W (a,he™). (5)
TRONG LY THUYET PHUONG TRINH Do d6, nghiém cua phuong trinh dic
VI PHAN CO TRE trung trong phuong trinh (2) c6 thé dugc viét
2.1. Truwong hep vé hwong theo ham Lambert W nhu sau:

Truéc hét chlng ta xét h¢ diéu khién 1 o
o , s=-W(ahe ®)+a. (6)
trong d6 ca bién diéu khién u(t) va bién trang h

thai x(t) déula vo huéng Pho cua phuong trinh DDE v6 hudng
1) thu dugc bang cach st dung vo han nhanh

X(t) = ax(t) + a,x(t — )y +bu®) (1) (1) thu dugc bing cach st dung vo ha
. ) ) cta ham Lambert W va duogc trinh bay tuong
trong d6 a, b, a, la cac hang so da biét va h . . £ o A i
minh theo cac tham s6 a,a, va h cta hé. Cac

la tré hang s6. Diéu kién ban dau x(0) = x, va .
¢ hang so. Bieu kien ban dau x(0) =X, nghiém cua phuong trinh ddc trung (2), cho

X(t) = g(t) v&i moi —h <t <0 phai duoc cho K=0 4142 - 4o 2
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S, = %Wk (a;he™+a.  (7)

Hon nira, d6i véi phuong trinh (1) tich
chat 6n dinh duoc xac dinh bai gia tri riéng bén
phai (ntra phd phai) cua mat phang phuc (tac
13, k=0). Do d6, d& dam bao su on dinh,
khéng can thiét phai kiém tra cac gia tri riéng
khéac trong phd vé han.

Vi du 1: Cho a=-14a,=05, va h=1 cac
nghiém dic trung thu duoc bang phuong trinh
(7) va ham Lambert W trong

MATLAB, va duoc vé trong Hinh 1.
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Hinh 1: Gié trj riéng cua phwong trinh (1)
khi a=-1a, =0.5, va h=1. Gi4 tri riéng
bén phdi la twong g voi nhanh chinh k=0,
cac cap tiép theo lan leot tirong g Véi
k=+1, i2,...,il§.

Trong [6] nghiém tong quat cua
phuong trinh (1) duoc biéu dién duéi dang mot
chudi vo han dya trén céc gia tri riéng trong

cong thire (7) nhu sau
xt)= Y e¥c) + j; 3 e CICMou()dy,  (8)
k=—c0 k=—0

trong do

—Sk h —Sk
ol _ X, +a,e “Ioe ‘g (t—h)dt
! =

N C)

1+a,he™"
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va
N 1

= (10
“ 1+ashe ™ (10)

Luu y rang cac hé s6 C! duoc xac dinh
tir ham g(t) va trang thai ban dau x,, va cac
hé s6 C chi dugc xac dinh theo cac tham s6
hé a,a, va h. Do d6, nghiém tong quét cia
phuong trinh (8) c¢6 thé dugc xem la téng cua
mat nghiém cua hé thuan nhat (ma ching ta sé
goi la nghiém ti do (free solution)) va mét
nghiém riéng caa hé khong thuan nhat (ma
chung ta sé€ goi la nghiém chju luc tic dong
(forced solution)).

Céc diéu kién dé hoi tu ctia cac nghiém
dang chudi nhu vay dugc thao luan bai
Bellman va Cooke. Vi du, néu tat ca moi gié tri
rieng S, déu c6 phan thyc &m va ton tai mot
chan dudi duwong cho khoang cach gitra cac gia
tri riéng thi chudi vo han n6i trén s& hoi tu. Mot
khia canh khéc rat quan trong cua biéu dién
dang chudi nay cua nghiém x(t) do6 1a viéc
chat cut chudi, vidu k =0,+1,+2,...,+n, s& dan
dén mot xap xi cho nghiém x(t) dua trén ti da
(2n+1) giatri riéng ngoai cung bén phai (con
duoc goi la cac gia tri riéng troi). Hé qua, ta co
thé xay dung mét biéu dién xdp xi hiru han
chiéu cho hé (1) ma van giir nguyén duoc cac
tinh chat dong luc caa hé.

Vi du 2: (X4p xi phan héi trong truong hop vo
huéng) Cho a=-1,a,=05,b=1va h=1ta
c6 thé tim duoc céc gia tri cua s, théng qua

biéu thtrc (7) va ham Lambert W nhu trong Vi



du 1 va céc gid tri cia C, va C.' st dung céc
phuong trinh (9) - (10), trong d6 X, =1 va
g(t)=1véi -h<t<0.Céacqgidtririéng s, va
cac hé sb nay duoc trinh bay trong Bang 1.
Hinh 2 thé hién phan hdi cho truong hop
u(t) =sin(t) vaso sanh gitra phuong phap dua
trén ham Lambert W (sit dung 7 thanh phan
trong Bang 1) va nghiém sé (s dung ham
dde23 trong MATLAB).
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Hinh 2: Phan hoi cho truong hop
u(t) =sin(t), vai X, =1 va g(t) =1 cho
—h <t <0, va so sanh giira cong thirc chat
cut nghiém gii# 7 thanh phan ddu tién dira
trén phuong phdap ham Lambert (xem Bang 1)
va phwong phdp s6 (ham dde23 trong
MATLAB). Cachésé la a=-1a, =0.5, va

k sk cf (&N
0 —0.3149 1.0713 0.5934
£l —2.22114+4.44421  —1.98294 047117 —0.0112£0.2245 i

+2 —3.0915+ 1080441 —2.0109+0.18631 —0.0093 + 0.0916 i
+3 35450 £ 1713131 —=2.0073 £0.1168 1 —0.0052 £+ 0.0579 1
+4  —3.8500 £ 23.4407 1 —2.0050 £ 0.0852 1 —0.0034 = 0.0424 i
£S5 —4.09114+29.7416 i —2.0036 4+ 0.0671 1 —0.0024 £ 0.0335 i

Bdang 1: Cac gia tri riéng va hé sé
trong Vi du 2.
2.2. Trwong hop hé phwong trinh
Phép xap xi dugc trinh bay trong phan
trede da dugc khai quat hda trong [7] cho hé
diéu khién c6 tré c6 dang sau
%(t) = AX(t) + A, x(t —h) + Bu(t),
y(t) = Cx(t)+Du(t), (11)

trong d6 x(t) 1a vecto trang thai, u(t) 1a bién
diéu khién, y(t) 1a vecto dau ra, A A,,B,C
va D 1a cac ma tran hé sé va h 1a do tré vo
hudng da biét. Diéu kién ban dau x(0) = x, va
x(t)=g(t) voi -h<t<0 phai dugc cho

trudce. Cong thac nghiém caa hé (1) co dang:

o0 t o0 _
x(t)= > e*C} + jo > e IC N Bu(y)dn,
k=—o0

k=—o0

(12)

trong do
1
Sk = HWk (AhQ) + A, (13)

va Q. duoc lay tir nghiém sé (bang cach sir
dung ham fsolve trong MATLAB) cua
phuong trinh

W, (AhQ, e "t A — A h, (14)

Cac dai luwong Q.,W,,S,,C! va C
trong cac phuong trinh (12) - (14) déu c6 thé
tinh dwoc bang cac lénh trong goi cong cu
LambertWDDE theo cac diéu kién da cho
h, A A;,9(t),x,,B va u(t) . Cac ham chinh
cua goi cong cu LambertWDDE duoc tom tat

trong Bang 2.

Tén Mo ta

lambertw _matriz Tinh ham ma tran LambertW

find_S; Tim S, va Q@ cho mat nhianh cu thé

find_C1 Tinh C; cho mot nhanh cy thé trong diéu kién ban dau
find_CN Tinh Cy cho mot nhanh ey thé

pweont _lest Thit tinh diéu khién dirge cho hé c6 tré

pwobs _test Thit tinh quan sit ditge cho hé co tré

cont _gramian _dde Ma tran diéu khién Gramian cia hé co tré
obser_gramian_dde Ma trin quan sit Gramian ciia h¢ c6 tré
place _dde Phiin bé cdc gid tri rieng troi ciia he co tré
stabilityradius_dde  Tinh ban kinh én dinh cho hé c6 tré

Bdang 2: Cac ham chinh cua géi cong cu
LambertWDDE
Dé ¢o dugc S, trong mot truong hop
k cu thé, ta can giai phwong trinh (14) dé tim

Q, truéc, tiép theo ta thay thé két qua vao biéu



thirc (13) dé lay dugc S, . Cac budc nay duoc
thuc hién trong ham find _Sk . Luu y rang,
ham ma tran Lambert W, trong biéu thic (13)
todn bang ham

va  (14) tinh

lambertw _matrix , dua trén phép bién doi

duoc

dang Jordan. Dé hiéu 16 hon toan b qua trinh,

chung ta tim hiéu trong vi duy sau.

Vidu 3: Cho

A {—1 —3J, A, :{1.66
2 -5 0.93

Dé tim cac ma tran S, chung ta s& sir dung

—0.697
, h=1.
—0.33

ham  find _Sk
LambertWDDE.

trong g6i céng cu
Déi véi nhanh chinh, K =0, ta ¢6 dugc:

[0.3055 -1.4150
° 121317 -3.3015/

Cac gia tri riéng cua S, la -1.0119 va
~1.9841. Tiép theo, sa dung find CI va
find _CN , ta c6 thé nhan duoc cc hé sé cho
nghiém dang chudi ciia phuong trinh (12). Vi
du, néu ta chon u(t) =0,g(t) =0, va ta c6 mot
budc nhay tai t=0 dén x, = [1 1], taco thé
nhan duoc (sirdung find _Cl ) hé s6 cho phan
hoi tu do cho k=0 Ia;
cl - {0.2635}.
0.4290

Do d6, phép x4p xi str dung mét nhanh
k =0 cho phan hoi tu do a:
CR = ) b

O day ta str dung ky hiéu exp dé chi

ham mii cho ca truong hop vo huéng lan ma
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tran. Luu ¥ rang trong MATLAB, ham mii cua
ma tran la ham expm, chi khdng phai ham vo
huéng exp . Dé cai thien phép xap xi, quy trinh
nay cd thé duoc lap lai cho cac nhanh bd sung
thir k , sau d6 sy xap xi dang chudi ciia nghiém
¢6 thé thu duoc thong qua phuong trinh (12)
(xem Hinh 3). Vi dy, cac nhanh k =+1 cho ta
cac matran S, lién hop phirc bo sung:

|:—0.3499 +4.980i
141

—1.6253+0.1459i
2.4174+0.1308i '

—5.1048 + 4.5592i

Vvé6i cac hé s6 lién hop phic cho phan hdi tu do

voi k==1 la:

G {0.0909 + 0.14571
0.0435+0.1938i
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Hinh 3: Phdn héi gan diing (3 thanh phan) va
sai so tuyér doi cho hé trong Vi du 3 o Vi
nghiém sir dung ham dung san dde23 trong

MATLAB.

KET LUAN

Ung dung ctua ham LambertW trong ly
thuyét phuong trinh vi phan c6 tré. Pic trung
cua phuong phap nay la st dung cac nhanh caa
ham LambertW dé biéu dién nghiém duéi dang
mat chudi vo han vai bién sb 1a céc gié tri riéng
cua hé diéu khién co tré dang xét.

Bang viéc st dung ham LambertW,
chiing ta dua ra dugc cong thac nghiém tuong
minh cua hé c6 tré trong ca hai truong hop

nghiém tu do va nghiém chiu luc tac dong.



Phan mém ngudn mé trong géi cong cu
Lambert WDDE, ciing nhu cac vi du kem theo,
duoc hy vong s& 1am cho céch tiép can dua trén
ham LambertW tré nén dé tiép can va hitu ich
hon cho nhitng ngudi quan tim dén cac ung
dung duoc md hinh héa dudi dang hé diéu

khién c6 tré hing sé.
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A STUDY OF APPLYING THE LAMBERT W TO DELAYED
DIFFERENTIAL EQUATION THEORY

Hoang Viet Anh", Nguyen Thi Huong Lan

Tay Bac University

Abstract: Currently, the theory of differential equations has many applications in practice and in life. This
article reviews the applications of Lambert W function in delayed differential equation theory. The Lambert
W scalar function has been pre-programmed in many scientific computing software, such as the Lambertw
function in MATLAB. These functions are useful in combinatorics (for example, tree enumeration) as well as
in relativity and quantum mechanics. They can be used to solve a wide variety of equations containing up to
exponents (e.g. maxima of the Planck, Bose-Einstein and Fermi-Dirac distributions) as well as in solving

delayed differential equation theory.
Keywords: delayed, delayed differential equation theory, Lambert W function.
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